The generators and commutation relations are calculated explicitly for higher symmetry algebras of a class of hyperbolic Euler-Lagrange systems of Liouville type (in particular, for 2D Toda chains associated with semisimple complex Lie algebras).
Introduction. We give a description of the generators and relations in higher symmetry algebras for a class of Darboux-integrable hyperbolic Euler-Lagrange systems of Liouville type [1, 2, 3] . There exist many non-equivalent definitions of this type of PDEs [1, 3, 4] ; we investigate the systems E L that admit as many first integrals of the characteristic equations D y (w) . = 0 and D x (w) . = 0 on E L as there are unknown functions. The 2D Toda chains u xy = exp(Ku) associated with semi-simple complex Lie algebras are the most well studied example of such equations [1, 2, 5, 6, 7] . The systems of this class are known to possess higher symmetries ϕ = (φ) that depend on free functional parameters φ = t φ 1 (x, [w]), . . ., φ r (x, [w] ) and belong to the image of matrix total differential operators (linear operators in total derivatives) [6, 8, 9, 10] . The existence of such operators for Liouville-type systems was observed in [1, 6] and [3, 10] , where the importance of the linearizations ℓ (u) w of the first integrals w in the construction of was revealed. In the paper [9] we proved that the additional assumption for E L be Euler-Lagrange strengthens known results and even makes the description of explicit, see formula (3) below.
In this paper we establish the transformation rules for the operators under unrelated reparametrizations of the coordinates in their domains and images. We show that, under natural assumptions on the geometry of E L , the images of these operators are closed with respect to the commutation, whence the Lie algebra structure on their domains appears. We calculate the brackets on the domains explicitly, which yields, by the push forward of the Lie algebra structure, the commutation relations in the symmetry algebras sym E L . To do this, we introduce auxiliary Hamiltonian operators which have the same domain as .
Symmetry generators for E L .
Definition. A Liouville-type system E is a system {u xy = f (u, u x , u y ; x, y)} of m hyperbolic equations upon u = (u 1 , . . . , u m ) which admits nontrivial first integrals w 1 , . . . , w r ∈ ker D y E ;w 1 , . . . ,wr ∈ ker D x E , 0 < r,r ≤ m, for the linear first order characteristic equations D y E (w i ) . = 0 and D x E (w) . = 0 that hold by virtue ( . =) of E.
Example 1. In [2] it was proved that the 2D Toda chains [5] u i xy = exp(K i j u j ) related to semi-simple complex Lie algebras with the Cartan matrices K admit maximal (r =r = m) sets of the integrals. Various methods for reconstruction of w i ,w for these exponential-nonlinear Toda chains were proposed in [3, 4, 7] . The differential orders (after a shift by −1) of the integrals w 1 , . . ., w r w.r.t. u are equal to the exponents of the corresponding semi-simple complex Lie algebras of rank r, which follows from [2, p. 21] .
For instance, in the sequel we consider the Euler-Lagrange 2D Toda system E Toda associated with the simple Lie algebra sl 3 (C), see [1, 5, 7] ,
The integrals of respective orders 2 and 3 for system (1) are (e.g., see [17] )
The generators ϕ = φ(x, [w]) of higher symmetry algebras for Liouvilletype equations are given by matrix total differential operators , see [3, 6] . For Euler-Lagrange Liouville-type systems E L = {F ≡ E(L) = 0}, see [8, 9, 18] , the existence of certain factorizations for at least a part of symmetries is rigorous and can be readily seen as follows. For integrals w such that D y (w) = ∇(F ) vanishes on the differential ideal {F = 0}
∞ by virtue of an operator ∇, and for any I(x, [w]), the generating section [12, 13, 14] . The Helmholtz condition ℓ E(L) = ℓ * E(L) for the linearization (the Frechét derivative) implies that the vector
is a symmetry of E L for any φ = ℓ (w) I * (1) = E w (I dx). A standard homological reasoning (see [13, Ch. 5] or [14, §7.8] ) shows that formula (2) yields symmetries of the system E L even if sections φ do not belong to the image of the variational derivative E w w.r.t. w.
In this section we recall the construction of operators that determine symmetries for a class of Euler-Lagrange Liouville-type systems. We suppose that the integrals w are minimal, meaning I ∈ ker D y EL implies I = I(x, [w]).
Let m = ∂L/∂u y be the momenta and w(m) = (w 1 , . . . , w r ) be the minimal set of integrals for E L that belong to the kernel of D y EL . Then the adjoint linearization = ℓ
of the integrals w.r.t. the momenta yields Noether symmetries ϕ L of E L :
Corollary 2. Under the assumptions and notation of Proposition 1, the section
is a symmetry of the Liouville-type equation E L for any r-tuple φ = t (φ 1 , . . . , φ r ).
Proof. Consider the jet bundle J ∞ (ξ) over the fibre bundle ξ : R r × R → R with the base R ∋ x and the fibres R r with coordinates w 1 , . . . , w r . By Proposition 1, the statement is valid for any φ in the image of the variational derivative E w . Obviously, its image contains all variational covectors φ whose components φ i (x) ∈ C ∞ (R) are functions on the base of the new bundle ξ. The prolongation of the substitution w = w m[u] : J ∞ (π) → Γ(ξ) converts the components of sections φ to smooth differential functions in u (which denotes the set of fibre coordinates in the bundle π over the same base R ∋ x). Now recall that is an operator in total derivatives D x whose action on differential
, and the assertion follows.
Remark. This proof combines taking the variational derivatives with respect to w on one jet space with calculating the total derivatives of differential functions in u on the other jet space over the same base. Whenever the two bundles coincide, the reasoning amounts to the definition of D x . Then it is called the substitution principle ( [13] , see a detailed discussion in [14] 
Proof. The transformationφ = ℓ
u (ϕ) of the velocities is obvious. Under differential reparametrizations w = w[w] of the integrals, the sections φ = δH/δw are transformed by φ = ℓ (w) w * (φ), thence becomes well defined on im E w . Namely, it maps variational covectors for the fibre bundle ξ to evolutionary derivations in the jet space over the other fibre bundle π. Repeating the reasoning used in the proof of Corollary 2, we establish the transformation rule (6) for on the entire domain.
In Theorem 3 we showed that sections in the domain of the operator are transformed by the same rule as the arguments of Hamiltonian operators. There is indeed a deep reason for that.
The integrals w[m] of Euler-Lagrange Liouville-type systems E L determine the Miura substitutions from commutative modified KdV-type Hamiltonian hierarchies B of Noether symmetries for E L to completely integrable KdV-type hierarchies A of higher symmetries of the multi-component wave equations E ∅ = {s xy = 0}, see below. A natural example is given by the potential modified KdV equation
x , which is transformed to the KdV equation
x − u xx . This example was analysed in detail in [9] . The method for generating relevant differential substitutions by the integrals w of Liouville-type systems was discovered in [19] , see [3] for discussion. This fact was used in [20] for a classification of the first-order differential substitutions.
The hierarchies A and B share the Hamiltonians
. The Hamiltonian structures for the Magri schemes of A and B are correlated by the operators , which map cosymmetries φ i for the hierarchy A to symmetries ϕ i+1 of the modified hierarchy B. We stress that the first Hamiltonian operatorB 1 = ℓ (u) m * for B originates from the differential constraint m = ∂L/∂u y upon the coordinates u and the momenta m for E L . Using the explicit form of the 'junior' operatorB 1 and the differential-functional closure in [w] for the velocities of the integrals, see [3] , we realize the classical scheme for generating higher Poisson structures via Miura's substitutions [21] .
Lemma 4. Introduce the linear differential operator
that maps variational covectors for the jet bundle J ∞ (ξ) over ξ to evolutionary (7) is Hamiltonian and determines 1 a Poisson structure for the KdV-type hierarchy A. The coefficients ofÂ k are differential functions in w.
Proof. By construction, the Poisson bracket
Therefore the left-hand side of (8) is bi-linear, skew-symmetric, and satisfies the Jacobi identity. Fourth, it measures the velocity of the integrals w along a Noether symmetry of E L . Since evolutionary derivations are permutable with the total derivative D y , the velocity {H 1 , H 2 }Â k lies in ker D y EL and hence its density is a differential function of the minimal integrals w.
The multi-component wave equation E ∅ = {s xy = 0}, whose symmetries contain the hierarchy A and such thatÂ 1 = ℓ (s) w * encodes the differential constraint between the coordinates s and momenta w for E ∅ , is chosen such that the first structure A 1 =Â −1 1 for A factors the higher Hamiltonian structure for
Example 2. Consider the Euler-Lagrange 2D Toda system (1). The density L of its Lagrangian is 
The entries of the arising Hamiltonian operatorÂ 2 = A ij , 1 ≤ i, j ≤ 2 are [13]
The shift w 2 → w 2 + λ of the second integral yields the 'junior' Hamiltonian operator 2Â (2)
, which is compatible withÂ 2 .
1 In most cases, this is one of the higher structures for A, which is indicated by the subscript k = k( , m) ≥ 2. The choice of the 'junior' operatorÂ 1 for A is discussed in what follows.
2 The analogous operatorÂ
The pair (Â
1 ,Â 2 ) is the bi-Hamiltonian structure for the Boussinesq equation w 2. Commutation relations in sym E L . In this section we prove the commutation closure for the images of operators (3) by using the well-known analogous property of the auxiliary Hamiltonian operators (7) . At once, we describe the relations in the symmetry algebra generated by (5) 
In the first summand we have used the permutability of evolutionary derivations and total derivatives. The second summand hits the image of A by construction. The commutator [ , ] im A induces a Lie algebra structure [ , ] A in the quotient Ω(ξ π ) of the domain of A by its kernel:
This bracket, which is defined up to ker A, equals
It contains the two standard summands and the skew-symmetric bilinear bracket {{ , }} A . 
The coefficients of the bilinear terms in the bracket {{ , }}Â are differential functions of the variables w.
Now we pass from the Hamiltonian operators (7) to the operators that have the same domain asÂ k but take values in a different Lie algebra. Here is our main result. • the constant symmetric real matrix κ in the kynetic term of the Lagrangian density L be invertible;
• the linearization ℓ
x, y) of the right -hand side in E L be an invertible matrix ;
• there be as many integrals w i x, [m] ∈ ker D y EL as there are unknowns u j ;
• the integrals w be minimal : Φ ∈ ker D y EL implies Φ = x, [w] ;
• the integrals w be differential -functional independent, 4 meaning that Φ x, w[m] = 0 implies Φ ≡ 0;
• the (r × m)-matrix Λ = ∂w i /∂m Then the following statements hold :
1. the image of the operator (3) is closed w.r.t. the commutation of symme-
2. the bracket {{ , }} arising on the domain of the operator satisfies the equality
3. the coefficients of the bilinear terms in the bracket {{ , }} are differential functions of the integrals w.
Remark 1. The first assumption of the theorem implies that the system E L is determined, normal, and ℓ-normal (see section 3). We emphasize that E L is the only system of equations imposed upon the sections u = s(x, y) ∈ Γ(π). Our second statement means that the ambiguity (up to kerÂ k ) in the choice of a representative from the equivalence class {{φ ′ , φ ′′ }}Â k in the right-hand side of (11) amounts to the choice of an element from ker ⊆ kerÂ k . We prove the equality of the kernels for all φ([w]) ∈ Ω(ξ π ). This implies that commutation relations in sym E L , which are determined by the Lie algebra structure (9b) on Ω(ξ π ), are obtained explicitly via (10) forÂ k .
Being a corollary of Lemma 5 and the first two, our third statement is, at the same time, a special case of Proposition 7 (see below).
Proof of Theorem 6. We notice first that symmetries (5) are independent of u and of u y , u yy , . . .. Hence this is also true for the commutator ϕ = [ϕ
, because the Lie bracket is a local bi-differential operator. 3 The list can be not minimal such that it is easier to verify each requirement. 4 The non-existence of a nontrivial Φ, and hence of its nonzero linearization ℓ The factorization (7) and Lemma 5 provide the diagraṁ
. Since the image of the Hamiltonian operatorÂ k is closed under commutation, we obtain the equivalence class
. By construction ofÂ k , the commutator of ϕ ′ and ϕ ′′ belongs to the set of symmetries (φ). This proves the first statement of the theorem.
However, there may be many such ϕ = (φ) that induce the same velocitẏ w = Φ. Since ker ⊆ kerÂ k , then, in principle, the equivalence class [ . = 0 on E L . But the presence of u in the list if arguments of f excludes such solutions ψ from further consideration. 5 The ℓ-normality of E L implies that ϕ is its symmetry whenever the velocity ∂ϕ(w) of the minimal integrals lies in ker Dy˛E L , see (16) in section 3. 6 The hyperbolic system E L is formally integrable [12] : its infinite prolongation E ∞ L exists and there is an epimorphism E ∞ L → E L .
Without loss of generality we assume that the integral w r [m] has the highest differential order: d(r) ≥ d(i) for all i < r. Let us calculate the velocities of the non-minimal integrals (w 2 κD x (ϕ) also depend on x only: ϕ = ϕ(x). However, such sections, whenever nonzero, can not be 7 symmetries of the hyperbolic system u xy − f (u; x, y) = 0 due to the nondegeneracy det f ′ (u) = 0. In this notation, the "symmetry" ϕ(x) must satisfy the determining equation
The first summand vanishes because D y (x) ≡ 0. Thus we obtain f ′ (u) · ϕ(x) = 0, where the linearization matrix f ′ (u) is invertible. Hence ϕ(x) ≡ 0. This completes the proof.
Remark 2. In the proof, we arrived at the linear ODE ℓ (m) w ψ(x) = 0 that holds simultaneously for all sections s ∈ Γ(π), although nonzero solutions ψ(x) do not contribute to the symmetry algebra. This is possible, first, if there is a total differential operator ∇ such that ℓ w (ψ) = 0. Theorem 6 is illustrated for semi-simple complex Lie algebras of rank two in [16] , where the Hamiltonian operatorsÂ 1 andÂ k are constructed for the corresponding Drinfel'd-Sokolov hierarchies [11] and the commutation relations in sym E L are calculated for the 2D Toda chains u xy = exp(Ku).
Example 3 (The modified Kaup-Boussinesq equation). Consider an EulerLagrange extension of the scalar Liouville equation [15] ,
Denote the momenta by a = (4)) symmetries of (13) . The bracket {{ , }} induced in the inverse image of is
where ψ = t (ψ 1 , ψ 2 ) and χ = t (χ 1 , χ 2 ); we use upper indices for convenience. Consider a symmetry of (13), 
This is the Kaup-Boussinesq system, and (14) is the potential twice-modified Kaup-Boussinesq equation, see [22] . The right hand side of the integrable system (14) belongs to the image of the adjoint linearization = ℓ for (15); we have k = 3 and
. By Theorem 6, the bracket {{ , }} e is equal to {{ , }}ÂKB
3
, which is given by formula (10) . We obtain {{ψ, χ}} e = {{ψ, χ}}ÂKB
where 3. Non-Lagrangian Liouville-type systems. Let E = {F = 0} be a Liouville-type system; now it may not be Euler-Lagrange. Let a column w ∈ ker D y E be composed by minimal integrals for E, thence D y (w) = ∇(F ) for some operator ∇. By construction of the Liouville-type systems E, there are no differential relations (syzygies) between the hyperbolic equations {F i = 0} in them: ∆(F ) = 0 implies ∆ = 0. For the same reason, the systems E are ℓ-normal [12, 14] : ∆ • ℓ F . = 0 on E also requires ∆ = 0. Consequently, an evolutionary vector field ∂ ϕ is a symmetry of a Liouville-type system E if and only if it preserves the integrals,
Consider the operator equation
If, hypothetically, a total differential operator such that
were constructed, then it would assign symmetries ϕ = (φ) of the Liouvilletype system E to arbitrary r-tuples φ x, [w] of the integrals, see (5) . The recent paper [10] contains an algorithm for construction of operator solutions for the equation in total derivatives
Most remarkably, the truncation from below for the sequence of coefficients of lower order derivatives in is a consequence of the presence of a complete set of the integralsw ∈ ker D x E for E. However, the minimal integrals w must be 'spoilt' by differentiating w.r.t. x a suitable number of times. Consequently, instead of the Hamiltonian operatorÂ k = ℓ (u) w • , see (7) , one obtains the r.h.s. of (18) . Likewise, the images of operators constructed in [10] do not always span the entire x-components of the Lie algebras sym E, and the images are generally not closed under the commutation. Moreover, the transformation rules in the domains of under reparametrizationsw[w] of the integrals remain unspecified for non-Lagrangian Liouville-type systems.
Proposition 7.
If the image of a solution of the operator equation (17) for a Liouville-type system E is closed under the commutation, then all coefficients of the bracket {{ , }} on its domain, see (9) , belong to ker D y E .
Proof. By assumption, we have that
). This equals
because the underlined composition satisfies (17) . Clearly, D y (φ ′ ) and D y (φ ′′ ) vanish on E for arbitrary φ ′ , φ ′′ . For the same reason, not only the whole bracket {{φ ′ , φ ′′ }} , but each particular coefficient standing at the bilinear terms in it lies in ker D y E .
Discussion. The matrix operators = i,j , 1 ≤ i ≤ m, 1 ≤ j ≤ r given by (3) are generalizations of tensors of type (2, 0) in the geometry of infinite jet bundles. We define the operators by using the two unrelated groups of differential reparametrizations for the coordinates in the domains and images, respectively. Furthermore, the operators for the Liouville-type systems E L generalize the theory of Hamiltonian structures as follows: they map variational covectors for one equation (we recall that sym E ∅ ⊃ A) to symmetries of the other system E L (such that sym E L ⊃ B).
Unlike in [8, 10] , we do not attempt to solve equation (17) upon . On the contrary, we define the operators (3) by a geometric reasoning. Thence, first, we obtain the Hamiltonian operatorsÂ k = ℓ (u) w • for the KdV-type hierarchies on Euler-Lagrange systems of Liouville type [11, 9] and, second, we prove that the images of the operators are involutive. In other words, we describe a direct algorithm aimed at constructing completely integrable equations.
Formulas (3) and (7) prescribe the differential order ofÂ k . Estimates for the orders of the integrals w for the 2D Toda chains associated with semisimple complex Lie algebras g are known from [2] , see Example 1, and were reformulated in [4, 16] . The upper bound, that the numbers ord x w i − 1 are not greater than the exponents for g, is proved by verifying (via Schur polynomials) Serre's relations (ad Y i ) −K i j +1 (Y j ) = 0, i = j, for the generators
of the characteristic Lie algebras (see [1, 2, 7] and also [16] ), and by using Frobenius theorem. The fact that the vector fields Y i coincide with the Chevalley generators f i of the semi-simple Lie algebra g is important here. The same estimate from below follows from the absence of relations other than Serre's for the generators Y i . This was established in [2, p.21] for the root systems A n and D n by listing the linear independent nonzero iterated commutators.
